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Abstract. We study a particular class of autonomous Differential-Algebraic 
Equations that are equivalent to Ordinary Differential Equations on manifolds. 
Under appropriate assumptions we determine a straightforward formula for the 
computation of the degree of the associated tangent vector field that does not 
require any explicit knowledge of the manifold. We use this formula to study 
the set of harmonic solutions to periodic perturbations of our equations. Two 
different classes of applications are provided. 



In this paper we apply topological methods to the study of the set of peri- 
odic solutions of periodic perturbations of a particular class of differential-algebraic 
equations (DAEs). Namely, we consider the following DAE in semi-explicit form: 



where g '■ U ^ R'' and f : U ^ M are continuous maps defined on an open 
connected set [/ C M*^ x K'', with g E C°" and d2g{p,q), the partial derivative of 
g with respect to the second variable, invertiblc for each {p, q) G U. Given T > 0, 
we will consider T-periodic perturbations of / in p.ip and study the set of T- 
periodic solution of the resulting T-periodic DAE. Namely, for A > 0, we look at 
the T-periodic solutions of 



where h :R x U M. is continuous and T-periodic in the first variable. Roughly 
speaking, we will give conditions ensuring the existence of a connected component 
of elements (A; x, y), A > and {x, y) a T-periodic solution to (|1.2p . that emanates 
from the set of constant solutions of (jl.ip and is not compact. This kind of results 
is useful to study existence and multiplicity of T-periodic solutions of ()1.2p . 

Since d2g{p, q) is invertible for all {p, q) £ U, equations and p.2p are index 1 
differential algebraic equation and have strangeness index (see e.g. IHI). However, 
our argument will not require any knowledge of the theory of DAEs. 

The assumption on d2g{p, q) implies that € is a regular value of g, thus 
M := 3"H0) is a C°° submanifold of R*-' x R^ Notice that M, locally, can be 
represented as graph of some map from an open subset of R*^ to W . Thus equations 
(|l.ip and (|1.2p can be locally decoupled. However, globally, this might not be true. 
Observe also that even when M is a graph of some map if, it might happen that 
the expression of ip is complicated (or even impossible to determine analytically), 
so that the decoupled version of (jl.ip or (jl.2p may be impractical. We have a very 



1. Introduction 



(1.1) 




(1.2) 



{ 



g{x,y) = 0, 
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simple example of this fact if we take fc = s = l, C/ = MxM, g[p, q) = + q ~ 
and f{p,q) = q. 

It is well known (compare [H §4.5]) and easy to see that, when d2g{p,q) is 
invertible for all {p, q) € U, equation induces a tangent vector field ^' on 

M, that is, it gives rise to an autonomous ordinary differential equation on M. 
Equation (|1.2p . then, leads to a T-periodic perturbation of this ODE. In our main 
result (Theorem 15.1 1 below) . in order to get information about the set of T-periodic 
solutions of (|1.2p . we apply an argument of 4 about periodic perturbation of an 
autonomous ordinary differential equation on a differentiable manifold. The results 
of [1], however, require some knowledge of the degree of the perturbed tangent 
vector field. In the present setting this means the degree of the tangent vector field 
^' on M. Since M is known only implicitly, and the form of 5* may not be very 
simple, a direct application of [4 is of limited interest. Thus, our first step will be 
to determine a formula (Theorem 14.11 below) that allows the computation of the 
absolute value of the degree of ^' by means of the degree of the "morally" simpler 
vector field F : U ^R'^ xW, given by 

(1.3) {P,q)>- {f{p,q),g{p,q))- 

We stress the fact (as we shall briefly discuss below) that, since in Euclidean spaces 
vector fields can be regarded as maps and vice versa, the degree of the vector field F 
is essentially the well known Brouwer degree, with respect to 0, of F seen as a map. 
Hence the degree of F has a simpler nature than that of "if and, as a consequence, 
it is usually easier to compute. 

Notation. Throughout this paper, | • | will denote the absolute value in M while 
I • |„ will be the norm in M" given by 

n 

\a\n = ^ \ai\ for all a = (ai, . . . ,a„) e K", 
Thus, coherently with this notation we have | (p, ?) | = \p\k + \q\s, for {p,q) G 

2. Associated vector fields 

In this section, we associate ordinary differential equations on the manifold M = 
g^^{0) to p.ip and to p.2p . in quite a natural way (compare [H §4.5]). 

Let / C M be an interval and C M" be open. Given r e N U {0}, the set of all 
M^- valued C functions defined on / is denoted by by (/, W) . For simplicity, we 
use C(/, W) as a synonym of C°(/, W). 

Let [/ C R^^ X E'' be open and connected, and let g : J7 ^ R", / : J7 ^ R'' and 
/i : R X f7 — > R*^ be continuous maps with g S C°° and d2g{p, q) invertible for all 
(p, q) E U . We also assume, throughout this paper, that h is T-periodic in the first 
variable for some given T > 0. 

A solution of p.2p for a given A > consists of a pair of functions x G C^(/, R*^) 
and y G C(/,M''), / an interval, with the property that 

r x{t) = f{x{t),y{t))+Xh{t,x{t),y{t)), 
\ g{x{t),y{t)) ^0, 

for each t E L Notice that the assumptions on g and the Implicit Function Theorem 
imply that y is actually a function. In fact, in what follows, it will be convenient 
to consider a solution of (jl.2p as a function C :== {x,y) G C^(/,R'= x R"). 

Let {x,y) G Ci(/,M'' x R'*) be a solution of for a given A > 0, defined on 
some interval / CM. Then, differentiating the identity g{x{t), y{t)^ ~ 0, we get 

dig{x{t),y{t))±{t) + d2g{x{t),y{t))y{t) - 0, 
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which yields 

y{t) = -[d2g{x{t),y{t))\-^d,g{x{t),y{t)) 

(2.1) r . 

J{x{t),y{t))+\h{t,x{i),y{t)) 

for all t & I. 

As already observed, because of the assumptions on d2g{p, q), S is a regular 
value of 5. Thus, M = 5"^(0) is a C°° submanifold of K*^ xK** and, given {p, q) G M, 
the tangent space T^^p q^M to M at {p^q) is given by the kernel kerc?(p g)g of the 
differential d(^p^q)g of g at (p, q). 

Consider ^' : M ^ M'^ x and T : R x i\f ^ K*^ x given by 

(2.2a) v|/(p, q) = {fip, q) , ~[d2g{p, q)]-'dig{p, q)fip, q)) , 

and 

(2.2b) T{t,p, q) = (/l(i,p, q), -[d2g{p. qT^digip, q)h{t,p, q)) . 

Clearly, T is T-periodic in the first variable. Let us show that and T are tangent 
to M in the sense that, for any {t,p, g) G M x M, 

(2.3) ^'(p,<7) Gr(p,,)M and T(i,p, g) G T(p,,)M. 
Consider for instance 5*. We have 

d(p,,)g[v|/(p, q)] = {dMP, q) d^gip, q)) [_^g^g^p^ q)]-%fg{p, q)f{p, q)) = 

Since T(^p q^M = ker (i(p_g)(7, the first relation in (|2.3p is proved. The second one 
follows from a similar argument and is left to the reader. 

Taking (|2.ip into account, one can see that (|1.2p is equivalent to the following 
ODE on M: 

(2.4) C = *(C) + AT(t,C), A>0, 

where, we recall, C = {x,y). By the same argument one can see that (jl.ip is 
equivalent to 

(2.5) C = vl/(C). 

Remark 2.1. Let g anc? / and h be as above. When f is C^, so is the vector 
field 5*. Thus, by virtue of the equivalence of (jl.ip with (|2.5p . the local results 
on existence, uniqueness and continuous dependence of local solutions of the initial 
value problems translate to (jl.ip from the theory of ordinary differential equations 
on manifolds. Of course, if also h is , a similar statement holds for p.2p . 

Notice that the importance of the hypotheses on g goes beyond ensuring the 
smoothness of M . In fact, even when M is a differentiable manifold and g is C°°, 
if we drop our assumption on 925, l|l-ip may fail to induce a (continuous) tangent 
vector field 4* on M and, even if this happens, (jl.ip might not be equivalent to 
()2.5p . The following simple examples illustrates these possibilities. 

Example 2.2. Take k = s = 1 and let U = M xR. Consider the following DAE: 

(2.6) i = 1, x-y^ ^0. 

Clearly, M = {{p,q) e R x R : p ~ q^} is a C°° submanifold of RxR. Equation 
()2.6p induces the vector field 

(p,.)-(l,^) 

on all points of M , with the exception o/(0,0). Clearly, this vector field cannot be 
extended to a continuous tangent vector field on M. 
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Example 2.3. Let k = s = I and let U = K. x M, as in the previous example. 
Consider the following DAE: 

(2.7) x = y, x''+y^ = l. 

In this case, the manifold M is the unit circle o/ M x M centered at the origin. 
Clearly, (|2.7p induces on \ {{±1 , 0)} the vector field {p, q) t-^ {q, —p) that can be 
extended uniquely to a vector field ^ defined on the whole . Notice, however, that 
p.7p is not equivalent to (|2.5p on S*^. In fact, the maps t ^ (±1,0) are solutions 
of llJl), hut not of ((231) . 

Observe that taking [/ = (R x K) \ {(0, 0)} in Example El the manifold M = 
{{Pt l) ^ U : p — q^} consists of two connected sets which the vector field 5'(p, q) = 
(l, l/(3g^)) is tangent to. Now, ()2.6|) turns out to be equivalent to ()2.5|) on M. 

Similarly, taking U — (IRxR)\{(±l, 0)} in Example 1 2. 3 1 one has that M consists 
of two connected components and the above construction of 5* can be carried out 
on M . 

In order to investigate the T-periodic solutions of (11. 2p we will study the set 
of T-periodic solutions of the equivalent equation (j2.4|) . Our first step will be to 
consider the case A = and determine a formula for the computation of the degree 
(sometimes called characteristic or rotation) of the tangent vector field 5* on U . 
Before doing that, however, we will recall some basic facts about the notion of the 
degree of a tangent vector field. 

3. The degree of a tangent vector field 

We now recall some basic notions about tangent vector fields on manifolds. 

Let M C R" be a manifold. Given any p e M, TpM C R" denotes the tangent 
space of M at p. Let w be a tangent vector field on M, that is, a continuous map 
w : M ^ R" with the property that w{p) G TpM for any p G M. If w is (Frechet) 
differentiable at p G M and w{p) = 0, then the differential dpW : TpM R*^ maps 
TpM into itself (see e.g. [S]), so that the determinant det dpW of dpW is defined. If, 
in addition, p is a nondegenerate zero (i.e. dpW : TpM R" is injective) then p is 
an isolated zero and det dpW ^ 0. 

Let W be an open subset of M in which we assume w admissible for the degree; 
that is, the set w~^{0) HW is compact. Then, one can associate to the pair {w, W) 
an integer, deg{u},W), called the degree (or characteristic) of the vector field w 
in W, which, roughly speaking, counts (algebraically) the zeros of w in (see 
e.g. O 13 [S] and references therein). For instance, when the zeros of w are all 
nondegenerate, then the set w~^{0) n is finite and 

(3.1) deg{w,W) — ^ sign det (iqW. 

When M = R", deg(w, W) is just the classical Brouwer degree, deg^(w, V, 0), where 
V is any bounded open neighborhood of w~^{0) H W whose closure is contained in 
W. 

For the purpose of future reference, we mention a few of the properties of the 
degree of a tangent vector field that shall be useful in the sequel. Here W is an 
open subset of a manifold M C R" and w : M ^ R" is a tangent vector field. 

Solution: // (w, W) is admissible and deg(ii', W) ^ 0, then w has a zero in 
W. 

Additivity: Let (w, W) be admissible. If Wi and W2 are two disjoint open 
subsets ofW whose union contains w^^{0) C\ W , then 

deg(w, W) = deg(w, Wi) + deg(?«, W2). 
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Homotopy Invariance: Let h : M x [0, 1] M" be a homotopy of tan- 
gent vector fields admissible in W ; that is, h(p, A) £ TpM for all (p, A) £ 
M X [0,1] and h-^{0) H W x [0,1] is compact. Then deg{h{-, X),W) is 
independent of A. 

Invariance under diffeomorphisms: Let M C M™ and N C R" be differ- 
entiable manifolds and let v : N R" and w : M ^ M™ be tangent vector 
fields. Let also V Q N and W C_ M be open, and let ip : W V be a 
diffeomorphism. If 

v{q) = \/q G V, 

we say that v\v and wlw correspond under the diffeomorphism ip. In this 
case, if either v is admissible in V or or w is admissible in W , then so is 
the other and 

deg{v, V) = deg(w, W). 

Remark 3.1. Let M C R" be a differ entiable manifold and let W C M be open 
and relatively compact. If w : Af — > R" is such that w{p) ^ on the boundary 
Fr (M^) of W, then {w,W) is admissible. Let e = minpgFr(W) l''^(p)|n- Then, for 
any v : M ^ R" such that maXpgFr(VK) \w{p) — v{p)\n < e, we have that {v,W) is 
admissible and that the homotopy : M x [0, 1] — > R" given by 

hip,X)^Xwip) + {l-X)vip) 

is admissible in W . Hence, by the Homotopy Invariance Property, 

deg(w, W) — deg(w, W). 

The Additivity Property implies the foUowing important one: 

Excision: Let {w,W) be admissible. IfV C_W is open and contains w^^(0)n 
V , then deg(w, W) = deg(w;, V). 

The Excision Property allows the introduction of the notion of index of an iso- 
lated zero of a tangent vector field. Let w : M ^ R" be a vector field tangent to the 
differentiable manifold M C R", and let g € M be an isolated zero of w. Clearly, 
deg(w, V) is well defined for each open V C M such that V r\w^^ {Q) — {q}. By the 
Excision Property Aeg{w, V) is constant with respect to such y's. This common 
value of deg(w, V) is, by definition, the index of w at q, and is denoted by i {w, q). 
Using this notation, if {w, W) is admissible, by the Additivity Property we get that 
if all the zeros in of w are isolated, then 

(3.2) Aeg{w,W)= ^(^'9)- 

9Gu)-i(0)nW 

By formula (|3.1[) we have that if (7 is a nondegenerate zero of w, then 

i {w, q) = sign det dqW. 

Notice that (|3.1|) and p.2p differ in the fact that, in the latter, the zeros of w are 
not necessarily nondegenerate as they have to be in the former. In fact, in (|3.2p . w 
need not be differentiable at its zeros. 

4. The degree of ^ 

In this section we shall obtain a simple formula for the computation of the degree 
of 4* that does not require an "explicit" expression of the manifold M — g~^(0). 
Namely, let [/ C R'" x R'' be be open and connected. Define F : [/ ^ R*" x R* by 
and * : M ^ R*^ X R^ by We shall prove a formula that allows the 

computation of deg(^, M) from the degree of in J7 (notice that [/ C R*^ x R^ 
being an open set is a differentiable manifold, so that deg(i^, U) makes sense). 
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Theorem 4.1. Let U C R'' x W be open and connected, and let g : U ^ K'* and 

f : U ^ M.^ he such that f is continuous and g is with d2g{p, q) invertible for 
all ip, q) e U. Let also F : U ^ R'' x W and : M ^ M*^ x be given by (fO]) 
and (I2.2ap . respectively. LJ either Aeg{^ , M) or deg{F,U) is well defined, so is the 
other, and 

(4.1) |deg(*,M)| = |deg(F,C/)|. 

The proof of Theorem 14.11 makes use of the foUowing technical lemma. 

Lemma 4.2. Let U , f and g be as in Theorem \4.1\ Given e > 0, there exists a 
map fe'.U^ M'^ such that 

sup \fs{p,q) - f{p,q)\.. < e 

and such that (0, 0) G M*^ x W is a regular value of the map : U R'' x W 
given by F^{p,q) = {fe{p,q),9{p,q))- 

Proof. What follows is a fairly usual argument in transversality theory (see e.g. 
[6]). For the sake of completeness, though, we will provide a complete proof. 

By standard approximation results in Euclidean spaces, there exists a map 
f -.U ^R'' such that 

I - , £ 

sup \f{p,q) - f{p,q)\i^ < -. 

Denote by B the |-ball of M'"' centered at the origin, and define T : R'' xR'^ x B ^ 
R''" X by J-{p, q, b) = {f{p, q) + h, g{p, g)) . Since the origin of R** is a regular value 
for g, the origin (0,0) e R'' x RMs a regular value for T. Thus, X = J^-i(0,0) is 
a fc-dimensional submanifold of R*^ x R* x R'' . 

Denote by tt the projection of R'^ x R* x i3 onto its third factor. Clearly, the 
restriction n\x of tt to X is . By the well known Morse-Sard Theorem (see e.g. 
[7]) it is possible to choose an element b £ B which is a regular value for 7r|x- Let 
us show that, with such a choice of 6, (0, 0) £ R*^ x R** is a regular value of the map 

Tl = T{;;b). 

To see that, we need to show that for any {p,q) £ J-j^ ^(0,0), the differential 
: T(p,,)(R'= X R^) r(o,o)(R'' x R'') of I'l at {p,q) is surjective. We will 
prove that, given any a — {ai,a2) £ r(p^^)(R''' x M") = R*^ x R", there exists 
V e T(o,o)(K'' X R'*) = R''^ X R" such that d(p,q)Tiv = a. 

Denote by d(^p g ^T the differential of !F at {p,q,b). Since (0,0) G R*"' x R^ is 
a regular value for !F, there exists an element {wi,W2,e) of R*^ x R* x R'^ (i.e. of 
the tangent space to R'^ x R** x _B at {p,q,b)) such that d^p g ijT{wi,W2, e) — a. 
Moreover, since 6 is a regular value for n\x, the differential of vrjx at (p, q, b) 

d'(p,q.b)Ax ■ T(^p^q,b)X T^B = R'' 

is surjective. Thus, there exists an element (ui, U2,e) e Tj-^ qb)X such that 

'^(p,9,b)7i"|x(wi,M2,e) = e. 

Observe that d(^pg^J^{ui,U2,e) — (0,0) because, as it is well known, Tf^p^^X = 
ker dfj^ q ^T. Thus, taking v — {wi — ui,W2— W2), and v = (wi — ui, W2 — U2, 0) we 
have 

d{p,q)^bV = d{p.q.l)J^V = di^p q l)T{wi - Ul,W2 - U2,Q) 

= d{p,q,b)^{{wi,W2, e) - (ui, U2, e)) 
= d(p,q,i)T{wi,W2,e) = a. 
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Thus, (0, 0) S M'^' X R** is a regular value of Ti as claimed. 

To conclude the proof it is now sufficient to define fe{p, q) — f{p, q) + b for all 
{p,q)eU. □ 

Proof of Theorem \4-l\ The first part of the assertion is an obvious consequence of 
the fact that F-^{0,0) coincides with the set {{p,q) G M : 1'{p,q) = (0,0)}. 

We now proceed to prove (|4.f p . Let s be the constant sign of det d2g{p, q) in the 
connected set U. The following formula: 

(4.2) deg(«', M) = s deg(F, U), 

obviously imply (|4.f p . Let us prove (|4.2p . Let V be an open and bounded subset 
of U with the property that the closure V oi V is contained in U. Assume that 
F~-'^(0,0) C V, clearly one has that ^'""'^(0,0) is contained in V as well and, by the 
excision property of the degree of a vector field, we get 

deg(i^, U) = deg(F, V), deg(^', M) = deg(^', V H M). 

Therefore it is sufficient to prove that deg(^, V n M) — sdeg(F, V). 

Let e = min{|F(p, (7)|a:+s : {p,q) G Fr(y)}. By Lemma f4.2l one can find a 
map : [/ ^ M'', with 

(4.3) sup \fe{p,q) ~ fip,q)\,. < e, 

and such that (0,0) is a regular value of : J7 ^ M*^ x given by F^{p,q) = 
{fe{p,q),g{p,q))- Consider : M ^ R*" x R" given by 

*£(P,9) = {fe{p,q);-[d2g{p,q)V^dig{p,q)f^{p,q)) 

for any (p, q) £ M . Clearly '^g, is tangent to M . By ()4.3p we have 

SO that, as in Remark [3.1l we have that deg(Fe, V) = deg(F, V). Also, the homotopy 
(p, q; A) I-+ X^e{Pi <?) + (1 — ^)'^{Pi q) is admissible on y nM since its E'^-component 
never vanishes for (p, g; A) € Fr {Vf]M) x [0, 1]. Thus, deg(^'e, ^nAf) = deg(^', Vr\ 
M). Therefore, it is sufficient to show that deg(*e, V n M) ^ 5deg{Fe,V). 

As with F and one has that Fs{p,q) = (0,0) if and only if {p,q) e M 
and 5'e(p, g) = (0,0). Since (0,0) is a regular value of i^g, all the zeros of Fg 
are nondegenerate, thus isolated. Since V is compact, Ff^{0,0) is finite. Let 
F^^{0, 0) = {{pi, qi)}i=i,...^„. Clearly, for each j = 1, . . . , n, {pi, qi) e M and {pi,qi) 
is an isolated zero of From p.fp and p.2p we have 

n 

deg(-Fe, V) =^ sign det d(p.^q.)F^ 

i=l 

n 

deg(vI/„ y n A/) = ^ i (p„ g,)) 

i=l 

The assertion follows if we prove that 

(4.4) i (^-j, (p,,gi)) = (signdet525(p.i,gj)) ( sign det 
for i = i, . . . , n. 

Let i G {!,..., n} be fixed. In order to compute sign det d(p;^g;)i^e we write 
d(pi.qi)Fe in block-matrix form: 

,1 F _ {dlfe{Pi,qz) d2fe{Pi,qi) 

«(P„?.)^^ Iai5(p^,g.) 525(p„g.) 
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Being det d2g{pi, Qi) ^ 0, the so-called generalized Gauss algorithm (see e.g. [S]) 
yields 

det d(p._g.)i^e = det 829 {pi, qi)- 

(4.5) / / N-i \ 

■ det [dife{pt,qi) - d2fe{Pi, qi){d2g{pi, qi)) dig{pi, q^)j . 

Let Wi be a neighborhood of {pi,qi) in R'^ x W such that Fg{p, q) ^ (0, 0) for any 
(p, q)eW,\ {{p,, q,)}. Clearly, ^'^(p, g) ^ (0, 0) for any {p, q)eW,nM\ {(p„ g,)}- 
Without loss of generality we can assume that Wi — Ui x Vi for appropriate open 
sets Ui C and V^CW. 

Since d2g{pi, qi) is invertible, the implicit function theorem implies that, taking a 
smaller Ui if necessary, we can assume that there exists a function 7.; -.Ui^Mf 
such that g{pT^i{p)) = for any p G Ui. The continuity of 7^ imply that, taking 
again a smaller Ui if necessary, we can assume ji{Ui) C T/j. Thus the map Gi : p ^ 
{p,ji{p)) is a diffeomorphism of t/^ onto Wi H M, its inverse being the projection 
n : WiH M ^ Ui given by n{p, q) = p. 

The property of invariance under diffeomorphisms of the degree of tangent vector 
fields implies that 

deg(*„ W.,nM) = deg {7^o^^>,o G„ f/,). 
Notice that pi is an isolated zero oi tt o'i'^ o d. The differential of this map at pi is 

dlfeiPt, qi) - d2feiPt, q^){^2g{p^, ?»)) ^dig{pi, qi) 

(recall that qi = jiipi))- By (|4.5p and the fact that (0,0) is a regular value for F^, 
it follows that this differential is invertible. Therefore we have 

i{'fe,{p^,q^)) - 

= signdet {dife{pi,qi) - d2feij>i, qi){d2giPi, qi)) ^dig{pi, qi) 
Equations (|4.5p and (14. 6p clearly imply (|4.4p . The assertion follows. □ 



Remark 4.3. Let /, g, M, ^ andF be as in Theorem ]^. 1\ In fact, an inspection 
of its proof reveals that we have proved a slightly more precise, albeit less elegant, 
formula concerning deg{'^ , M) . Namely, 

deg(*, M) = sign ( det d2gip, q)) deg{F, U). 

(Recall that detd2g{p,q) has constant sign for {p,q) in the connected set U .) 

Let us illustrate Theorem 14.11 with two examples. 

Example 4.4. Consider the following second order DAE m M x M; 

^^■'> \ y^ + y-x^=0. 

We rewrite (j4.7p as the following equivalent first order system in U = M? x R; 

{ii = X2, 
±2 = -xi + y - X2, 
y^ + y - xl 0. 

Let g :M? xM. ^ R be given by g{pi,p2] q) — q^ + q ~ Pi- As in Section\^ Equation 
()4.8p is equivalent to the ordinary differential equation Q ~ '^{C,) on M = g~^(0) C 
X M where 



*(Pi,P2;'7) = [p2,~Pi+q-p2\ 
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for all {pi,P2',q) G M. Computing |deg(^',M)| directly from the expression o/^* is 
possible, of course. However, an easier way is to observe that by Theorem \4-l\ we 
have I deg(^', M)| = | deg(F, U)\, where F : R"^ x R ^ R"^ x R is given by 

F{pi,P2;q) = {p2,-pi + q-p2; + q-pf). 

A simple computation shows that the unique zero of F is (0, 0; 0) and that we have 
deg{F,U) = 1. Hence, |deg(^', M)| = 1. Actually, according to Remark \4-3\ 

deg(*,M) =sign(deta2g(pi,P2;(?)) deg{F, U) ^ deg{F, U) = 1. 

Example 4.5. (Index 2 DAE in Hessenberg form.) Let Ui and U2 be open subsets 
ofR*', and R^ , respectively; and let U — Ui x 1/2- Consider the following DAE 

7(x) - 0, 

where f : U ^ R'' and j : Ui ^ R' are C°° . Assume that dpj[d2f{p, q)] -.R" -^R" 
is an invertible linear operator for all {p, q) G U . In this case ()4.9p is an index 
2 differential- algebraic equation in Hessenberg form (see e.g. [8]^. With a simple 
index reduction, we see that (|4.9p is equivalent to the following DAE: 



(4.9) 



(4-10) {T(fi'\ 

Let us set g{p, q) — dpj[f{p, q)) for all {p, q) G U. Then, 

d2g{p,q)^dp-f{d2f{p,q)) -.R' ^R' 

is invertible. The vector field ^> , constructed as in Section\^ and tangent to M 
g^^{0), has the following expression 

*(P,9) = - [dpl{d2fip,q))r' 

{4l{f{p, q), f{p, q)) + dp7[ai/(p, q)] f{p, q)} 



where the bilinear form dp^[-,-) is the second differential of ^ at p. Theorem \4.1\ 
shows that the rather unappealing task of computing |deg(5',M)| reduces to the 
computation of the comparatively simpler \deg{F,U)\ where, 

F{p,q)^ [f{p,q),dpj[fip,q)]y 

5. The set of T-periodic solutions of (|1.2p 

This section is devoted to the study of the set of T-periodic solutions of equation 
(fr2l) . Recall that [/ C x RMs open and connected, / : {7 ^ R*^, 5 : C/ 
and h :RxU ^ M'^ are continuous, and we assume that h is T-periodic in the first 
variable for a given T > 0, and g is C°° with the property that detd2g{p,q) ^ 
for aU (p, q) e U. 

We need to introduce some further notation: denote by Ct{U) the metric sub- 
space of the Banach space Ct {R^ x M'' ) of all the continuous T-periodic functions 
taking values in U. We say that {i2;x,y) € [0, c») x Ct{U) is a solution pair of 
(|1.2p if (x, y) satisfies (|1.2p for A = /z; here the pair [x, y) is thought of as a single 
element of Ct{U). It is convenient, given any {p,q) G R^ xR^, to denote by {p,q) 
the map in Ct{R^ x R^) that is constantly equal to {p,q). A solution pair of the 
form {0;p,q) is called trivial. 

As mentioned in the Introduction, the main result of this section. Theorem 15. II 
below, follows from a combination of Theorem 14.11 and an argument of 4J , where 
most of the technical difficulties that arise when working with branches of solution 
pairs are solved (this fact explains the simplicity of the proof of Theorem 15. ip . 
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Let F : U ^ MJ' X W he given by (|1.3p . As one immediately checks, {p,q) is 
a constant solution of (jl.2p corresponding to A = if and only if F{p,q) = (0,0). 
Thus, with this notation, the set of trivial solution pairs can be written as 

{(0;p,g) e [0,oo) X Ct{U) : F{p,q) = (0,0)}. 

Given C [0, oo) x Ct{U), with [/ n we denote the set of points of U that, 
regarded as constant functions, lie in Q. Namely, 

We are now ready to state and prove our main result concerning the T-periodic 
solutions of (|1.2p . 

Theorem 5.1. Let J7 C R'^ x M'* be open and connected. Let g : U W , f : 
U ^ R'', h : R X U ^ R'' and T > be such that f and h are continuous, 
h is T-periodic in the first variable, and g is C°° with d2g{p, q) invertible for all 
{p,q) e U. Let also F{p,q) = {f{p,q),g{p,q))- Given fl C [0, oo) x Ct{U) open, 
assume deg(i^, U nfl) is well-defined and nonzero. Then, there exists a connected 
set r of nontrivial solution pairs of (|1.2p whose closure in [0, oo) x Ct{U) meets 
the set {{Q,p,q) G ; F{p,q) — (0,0)} and is not contained in any compact subset 

ofn. 

Proof. Denote by Ct{M) metric subspace of the Banach space Ct{R'^ x M*), of all 
the continuous T-periodic functions taking values in M = g~^{0). Let \1/ and T be 
as in ((T^ . Then (fO]) is equivalent to (|^ on M. 

By Theorem 14. II we have that deg(^, M D^l) ^ 0, here by AlOfl we mean the set 
{{p, q) & M : (0;p, q) £ ft}. Theorem 3.3 of [4j implies the existence of a connected 
subset r of 

{(A; X, y) £ ([0, oo) x Ct(M)) n : (x, y) is a nonconstant solution of ()2.4p } 

whose closure F in [0, oo) x Ct{M) is not contained in any compact subset of 
([0, oo) X Ct{M)) n fl and meets the set 

{(0;p,g)er!:*(p,g) = (0,0)}, 

that coincides with {{0,p,q) e Q : F{p,q) = (0,0)}. 

Clearly, each (A; x,y) S F is a nontrivial solution pair of (|1.2p . Since AI is closed 
in U, it is not difficult to prove that [0, oo) x Ct{M) is closed in [0, oo) x Ct{U). 
Thus, F coincides with the closure of F in [0, oo) x Ct{U). Consequently F satisfies 
the assertion. □ 

Example 5.2. Consider the 2tt -periodically perturbed DAE in U — R x (—1, 1) 

, . ( x = -y- Asint, 

^ ' \x-^y^ + y = 0, 

that is obtained by writing in the Lienard plane the following forced van der Pol 
differential equation and taking the limit as e — > 0.' 

eij+iy^ -l)y + y + Xsmt^O, j/e(-l,l). 

Let F{p,q) = ( — q,p — ^q'^ + q) , and put VI — [0, oo] x C2tt{U). Clearly, one 
has U ^ U nn, F-i(0,0) = {(0,0)} and deg{F,U) = 1. Theorem[5Jl yields a 
connected set F of nontrivial solution pairs of (jS.ip whose closure in [0, oo) x Ct{U) 
meets the trivial solution pair {(0;C), 0)} and is not compact. (Here denotes the 
identically zero function in R.) 

As one immediately checks, the only 211 -periodic solution of (|5.ip . for — 1 < y < 1 
and \ = Q, is {((),())}. Thus, by the connectedness ofT one can deduce that (15. ip 
admits a 2'K-periodic solution for sufficiently small values of X> 0. 
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The result of Theorem lS.ll is slightly more intuitive when M = g~^{0) is closed in 
M'' X W (as, for instance, if [/ = M*^ x W). In fact, in this case, the metric subspace 
Ct{M) C Ct(K''' X M*), that consists of all continuous T-pcriodic and A/- valued 
functions, is complete. In this situation, we deduce the following Continuation 
Principle from Theorem 15.11 

Corollary 5.3. Let f, g, h, U, M, T, F and he as in Theorem \ 5. 11 Assume 
also that M — g^^{Q) is closed in M!^ x W. Let deg(F, U (IQ) be nonzero. Then 
there exists a connected component of the set of solution pairs of (II. 2p that meets 
{{0,p,q) € r2 : F{p,q) = (0,0)} and cannot be both bounded and contained in Q. 

Lf in particular, = [0, oo) x A, with A C Ct{U) open, hounded, and such that 
there are no T -periodic solutions of (|1.2p on the boundary Fr [A) of A for A G [0, 1], 
then equation 

/r- 9^ j i ^ f{x,y) + h{t,x,y), 

^ ' \gix,y)=Q. 

admits a T -periodic solution in A. 

Proof. By Theorem 15. 1[ there exists a connected set T of nontrivial solution pairs 
of p.2p whose closure F in [0, oo) x Ct{U) meets the set {(0,p, 9) G O : F{p, q) = 
(0,0)} and is not contained in any compact subset of fi. Let E be the connected 
component of the set of all solution pairs that contains F. 

Since M C R'^ x is closed, the metric space [0,cx3) x Ct{M) is complete. 
Moreover, the Ascoli-Arzela Theorem implies that any bounded set of T-periodic 
solutions of (|2.4p is totally bounded. Thus, if E is bounded, then it is also compact. 
If, in addition, S is contained in then so is F C S, which is impossible. This 
contradiction proves that E cannot be both bounded and contained in il. 

To prove the last part of the assertion observe that S is connected and that 
^ E n J7 7^ E. Thus, E necessarily meets the boundary of = [0, 00) x A. 
Since there are no solution pairs of (|1.2p in [0, 1] x Fr A, one has that E intersects 
{l}xA □ 

Remark 5.4. A practical method of applying Corollary (|5.3p is to consider a rel- 
atively compact open subset V of U with the following properties: 

• the set F~i(0, 0)nV is compact and deg(F, V) ^ 0; 

• there is no T-periodic solution of ()1.2p whose image intersects the boundary 
of V . (This last point might be difficult to verify and is usually proved by 
the means of a priori bounds.) 

In this situation, taking A = Ct{V) and fl — [0, 00) x A, we have U CiVL — V and 

deg(F, [/ n rj) = deg(i^, V) ^ 0. 
Hence, Corollaru \5.,'J\ uields a T-periodic solution of (|5.2p . 

The next two subsections, that are meant mainly as illustrations of Theorem l5.ll 
and of its main consequence Corollary 15.31 £^re each devoted to a quite different 
application. 

5.1. Example of application to multiplicity results. This subsection is de- 
voted to some multiplicity results that can be deduced from Theorem 15. II and from 
its Corollary 15.31 Throughout this subsection /, g, h, U, T and F will be as in 
Theorem 15.11 and . in addition, we will assume that / is C^. 

In order to obtain multiplicity results, we combine the global approach of The- 
orem [5TT] with a local analysis of the set of T-periodic solutions. Let {pq, go) be an 
isolated zero of F. Since d2g{po,qo) is invertible, we can locally "decouple" (|1.2p . 
Namely, by the Implicit Function Theorem, there exist neig hborhoods C M'^ of 
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Po and C M'' of go, and a function 7 : F ^ such that g^^{0) CiV xW isthe 
graph of 7. Thus, in V x W, equation ()1.2p can be written as 

(5.3a) X = /{x^-fix)) + Xh{t,x,j{x)), 

(5.3b) y = 7(2^)- 

We will say that (po, 9o) is a T-resonant zero of F if the following linearization, for 
A = 0, of (|5.3ap at (po, qo)- 

(5.4) i = [dif{po,qo) - 92/(po,go)rf(po:9o)7]? 

admits nonzero T-periodic solutions (note that (|5.4p is an ordinary differential 
equation in IR'^). 

A simple computation shows that (po, qo) is T-resonant if and only if the following 
linear endomorphism of R*^ : 

(5.5) dif{po,qo) - d2f{po,qQ)[d2g{po,qo)]~^dig{po,qo) 

has eigenvalues of the form 2mTi/T, where n G NU{0}, and i denotes the imaginary 
unit. Also, the generalized Gauss algorithm, as in the proof of Theorem l4.11 yields 

det^(po,9o)-^ = det {d2g{po,qQ))- 

■ det (j)ifipQ,qo) - a2/(po,go)[925(Po,9o)]"^9i.9(po,9o))- 

Thus, if (poj9o) is non- T-resonant, then it is a nondegenerate zero of F. Hence, 
i(F,(po,go)) ^0. 

From Theorem 15. II we get the following lemma: 

Lemma 5.5. Assume that /, g, h, U, T and F be as in Theorem \ 5.1\ Assume 
also that f is and let (po^qo) be a non-T -resonant zero of F. Then 

(1) the trivial T-pair (0;p0)9o) is isolated in the set ofT -pairs corresponding 
to X = 0; 

(2) there exists a connected set of nontrivial T -pairs of (|1.2p whose closure in 
[0,00) X Ct{U) contains (0;po,9o) o,''^d is noncompact or intersects the set 

{(0;p,g) e [0,00) X Ct{U) : F{p,q) = (0,0)} \ {(0;po,'7o)} 

Proof. Let us prove the first part of the assertion. Assume by contradiction that 
there exists a sequence {(0; a;„, y„)}, n = 1,2,..., of T-pairs of (|1.2|) with (a;„, ?/„) 
(poj qo) uniformly. If we put p„ = a;„(0), we clearly have p„ — > Po- We claim that 
this is not possible. Let V and 7 be as in (|5.3p . For any p' e V , denote by x{-,p') 
the maximal solution of the Cauchy problem 

{ ± = f{x,j{x)), 
I x{0)=p' 

Well known results in the theory of ordinary differential equations imply that there 
exists an open neighborhood W C V oi po such that the map P, that to p' ^ W 
associates x{T,p') € M.'^, is defined. Also, since p f{p,l{p)) is continuous in 
W C V, we know that P is in W and that its differential dpgP is given by 
()5.5p . Thus, since (po, qo) is a nondegenerate zero of F, the linear operator dp^P is 
invcrtible. The claim now follows from the Inverse Function Theorem. 

Let us prove the second part of the assertion. Since (0;po,(7o) is isolated in the 
set of T-pairs corresponding to A = 0, the set 

{{0;p,q) e [0,cx3) X CriU) : F{p,q) = (0,0)} \ {(O;po,go)} 
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is closed. Thus, the set 
n = ([0,oo) X Ct([/))\ 

({(0;p,g) e [0,(») X CriU) : g) = (0, 0)} \ {(0;po, <?o)}) 

is open. As in Theorem 15.11 we use the symbol U Dfl as a shorthand notation for 
the set {{p, q) € U : (0,p, q) S ft}. Since {po, go) is non-T-resonant and since U Cifl 
is just the singleton {{po, 9o)}, from ()3.2p we have 

degiF,Unn)^i{F,{po,qo)) ^0. 

By Theorem 15.11 there exists a connected set F of T-pairs that meets 

{{0;p,q) e n : F{p,q) = (0,0)} = {(0;po, ^o)}, 

and is such that its closure T in [0, oo) x Ct(U) is not contained in any compact 
subset of n. Hence F satisfies the second part of the assertion. □ 

Let us introduce some notation. Let y be a metric space and X a subset of 
[0, oo) X Y. Given A > 0, we denote by X\ the shce {y G F : (A, y) € X}. Recah 
the following notion from [5]: We say that A C Xq is an ejecting set (for X) if it 
is relatively open in Xq and there exists a connected subset of X which meets A 
and is not contained in Xq. For example, any non-T-resonant point of (jl.2p is an 
ejecting set (or, rather, ejecting point). In fact, as a consequence of Lemma 15.51 if 
X denotes the set of T-pairs of ()1.2|) and Y = Ct{U), any non-T-resonant zero of 
F turns out to be an isolated point of Xq which is ejecting. 

Let us recall the following abstract result from P]: 

Theorem 5.6. Let Y be a metric space and let X be a locally compact subset of 
[0, oo) X Y. Assume that Xq contains r + 1 pairwise disjoint ejecting subsets, r of 
which are compact. Then there exists A* > such that the cardinality of X\ is at 
least r + 1 for any A G [0, A*). 

We are now in a position to state and prove the following multiplicity result: 

Proposition 5.7. Let f , g, h, U, M , T, F and ft be as in Theorem \5.1\ Assume 
also that f is and that M — g^^{0) is closed in R'^ xR**. Let {pi, qi),. . . , {pr^ qr) 
be non-T-resonant zeros of F such that 

r 

deg(T,[/)^^i(T,(p„g,)). 

Suppose that (|l.ip does not admit an unbounded connected set of T -periodic solu- 
tions in Ct(U). Then, there are at least r-\-l different T -periodic solution of (|1.2p 
when A > is sufficiently small. 

The assumption on the nonexistence of an unbounded connected set of T-periodic 
solutions (in Ct{U)) of the unperturbed equation (II. ip is often the most difficult 
to verify and usually shown to hold with the help of a priori bounds. 

Proof of Proposition \5. 7[ Let 

r 

=([0,oo)x Ct(C/))\U{(0; P.' <?.)}• 
By the additivity property of the degree and formula (|3.2p 

r 

deg(T, UC\^l)^ deg(T, t/) - ^ i (T, {p„q,)) ^ 0, 

i=i 
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where, as in Theorem 15. 11 we use the notation U H fl — {{p, q) £ U : {Q,p,q) G fi}. 
Let X be the set of ah T-pairs of By Corollary [Ol M 5"^(0) being 

closed in M.'' x W, there exists a connected component F of X that cannot be 
both bounded and contained in fl. Since by assumption (jl.ip does not admit an 
unbounded connected set of T-periodic solutions in Ct{U), it is not difficult to 
show that the set 

r 

is ejecting. The assertion now follows from Lemma 15.51 and Theorem 15.61 □ 

As an illustration of Proposition 15.71 we consider the following elementary ex- 
ample even though, in that case, the situation is sufhciently simple to be treatable 
without the help of our multiplicity result. 

Example 5.8. Consider the following DAE in U = R x R: 

i^y"^ -xy + \h{t,x,y), 



where h : MxRxW W is any continuous function T-periodic in the first variable. 

One immediately sees that F{p, q) = {q^ —pq, q — p^) has only the two zeros (0, 0) 
and (1,1) of which the former is T-resonant, whereas the latter is not so. Also, 
it not difficult to see that for A = the only possible periodic solutions of (|5.6p 
correspond to the zeros of F . Thus, for A = 0, equation (|5.6p does not admit an 
unbounded connected set of T-periodic solutions. 

By inspection, we see that the homotopy H : J7 x [0, 1] ^ K. x M, given by 
H{p, q; A) — {q^ ^pq, q-^P^ — A), is admissible. Since H{p, g; 1) / for any [p, q) € 
U , we have deg (-ff (•, •; 1), U) = 0. Thus, by Homotopy Invariance, deg(i^, U) — 0. 

Since a non-T -resonant zero of F is nondegenerate, we have i (^F, (1, 1)) 7^ 0. 
Hence, by Proposition \ 5.7[ for sufficiently small A > there are at least two T- 
periodic solutions of (|5.6p 

5.2. Example of application to a class of implicit differential equations. In 

this subsection we will describe an application to periodic perturbations of ordinary 
differential equations of a particular implicit form. What follows is mostly intended 
as an illustration of Theorem 15.11 and of its Corollary 15.31 For this reason we do 
not seek generality but confine ourselves to a fairly simple situation. Namely, we 
consider the following equation: 

(5.7) ip(^x,x + Xh{t,x)) = 0, 

where C°° with the property that d2ip{p,q) is invertible for 

all (p, q) eR'' xR''; and /i : M x M*^ ^ R*^ is continuous and T-periodic in the first 
variable, with given T > 0. 

We will also need the following "no blow up" assumption on (p. Namely, we 
suppose that (p is such that: 

j-gg^ The set {g e M'= : tp{p,q) ^ 0, p e K} is 

bounded for any bounded K CR'^. 

Before we proceed we need a technical result on the degree of a special class of 
vector fields. Its proof is inspired by the one of Theorem 6.1 in [T] regarding the 
Brouwer degree. 

Lemma 5.9. Let V C Rf" x R'' be open, u! : R'^ X R'^ ^ R'' be continuous 
such that [w(-, 0)]~H0) n ^ is compact. Define w : R*^ x ^ M*^ x M*^ by v{p, q) 
(g, (jj(p, g)) . Then, {v,V) is admissible and 

deg(z;,y) = -deg (c^(-, 0), K)) , 
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where Vo = {peR'' : {p, 0) eV}. 

Proof. By the Excision Property and the compactness of [u!{-, 0)]~^(0) nT^, taking a 
smaller V if necessary, we can assume that V is bounded and such that uj{p, 0)^0 
for all {p, 0) in the boundary Fr (V) of V. 

Observe that the homotopy H ■.R''xR''x [0, 1] ^ K*^ x R'' given by H{p, q, A) = 
(g, aj(p, Ag)) is admissible in V, define G{p,q) ~ H{p,q,0). By the Homotopy 
Invariance Property it is sufficient to show that deg(G', V) — — deg {uj{-, 0), Vo) • 

By known approximation results (see e.g. 6J or [?■) there exists a map rj : 
R*^ M.^, such that all its zeros contained in Vo are nondegenerate, and with the 
property that 

max \r]{p) - uj{p, 0)|fc < min \uj{p, 0)|fc. 

p£Fr{Vo) p£Fi{Vo) 

As in Remark |3. II we have that 

(5.9) deg{ri,Vo)=deg{u;{;0),Vo). 

Define Q : R*^ x R'^ ^ R'= x M*^ by Q{p, q) = {q, T]{p)). By Remark O again, 

(5.10) deg(G,l^) = deg(Q,^), 
since 

max \Q{p,q) - G{p,q)\2k = max \T]{p) - uj{p,0)\k 

(p,g)GFr(y) peFr(Vo) 

< min \uj{p,0)\k< min \G{p,q)\2k- 

pGFr(V'o) (p,g)GFr(y)' 

Observe also that, since all the zeros of rj in Vq arc nondegenerate, so are those 
of Q in V. In fact, Q-^(0,0) = {(p,0) e x M'^ : T]{p) = 0} and, writing the 
differential d(j, q)Q of Q at any (p, q) G (3^^(0, 0) in block matrix form, we get 

det d(p^q)Q = det ^-^ ^'^R'-^j ^ _ ^ 

where IdRfc denotes the identity on R'' and dp 77 is the differential of 77 at p. Thus, 
taking (|5.10p . p.ip and (|5.9p into account, we get 

deg(G,T^) = Aeg{Q,V) = ^ sign det d(p,,)Q = 

(p,g)GQ-i(o,o)ny 

= - X! signdetdp77 = -deg (77,^0) = -deg (w(-,0),yo), 

per;-i(o)nyo 

that implies the assertion. □ 

Recall that, given p e M*^, we denote by p the function in Ct(R'^) that is con- 
stantly equal to p. Given an open set W C [0,oo) x Ct(R'^), it is convenient to 
denote by R*" n W the open subset of R'' given by [p e R*" : (0,p) G W). 

Proposition 5.10. Let h and he as above, and let W C [0, 00) x Ct(R'^) be open 
and such that deg {ip{-, 0), R'^HW^) is well defined and nonzero. Then the subspace of 
[0, 00) X Ct(R'^) consisting of all pairs (A, x), with x a (clearly T -periodic) solution 
of (|5.7p . contains a connected component S that intersects the set 

{{o,p)ew -.^ip, 0)^0} 

and is unbounded or meets the boundary of W . 

Proof. Clearly, (|5.7p is equivalent to the following DAE: 

, , J i y - Xh{t,x), 

' \^{x,y) = 0. 
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Let F : M'' X M'' ^ R'' X M*^ be given by F{p, q) = {q, ip{p, q)) . Denote by n the set 
{{X;x,y) e [0,oo) x CtO^'' x R'') : {X,x) e W, y e Ct(M'')}, 

and by V the set {{p, g) e R'' x : (0;p, q) E ft}. Let Vq ^ {p e M.'' : (p, 0) £ V]. 
Since Vq = K*^ fl M^, Lemma [Ql implies that 

(5.12) deg (F, = deg ((^(•, 0), R'^' n VF) 7^ 0. 

Using the notation (R'^ x R'^ ) n 17 = {(p, (?) £ R'' x R*^' : (0; p, q) e n} as in Theorem 
we write = (R'= xR'=)nl7. By ([lllll), deg (F, (R'= x M'=)nr2) = deg (F, 7^0. 
Thus, Corollary 15.31 yields the existence of a connected component F of the set of 
solutions pairs of (|5.1ip that meets 

{{0;p, q)en: F{p, q) = 0} = {(0;p, 0) : ^{p, 0) = 0} 

(here 6 S Ct(R'=) denotes the map 0(t) = G R'') and is unbounded or intersects 
the boundary of fl. Let S C [0, 00) x Ct(R'°) be the connected set defined by 

S= |(A,.t) e [0,c5o) X Ct(R'') : 3y e Ct{M.'') s.t. {\;x,y) e l}. 

Notice that if S is contained in W, then F C Jl. Also, using assumption (|5.8p . 
it is not difficult to prove that if S is bounded then so is F. Hence, S cannot be 
both bounded and contained in W. The assertion follows from the connectedness 
of S. □ 
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